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Resul ts  a re  shown of a theoret ical  study concerning the t ransient  convective mass  t ransfer  
at a semiinfinitely large plate and in the frontal  stagnation zone in a s t r eam of a uonlinearly 
pu re -v i scous  fluid with a power- law concentrat ion gradient  at the plate surface .  

In a study of the t ransient  convective heat and mass  t rans fe r  in a s t r eam of l inearly pure -v i scous  
fluids [1] it has been shown that at a Prandt l  number  P r  >> 1 the p r o c e s s e s  of heat and mass  t rans fe r  de- 
velop in a far  f rom quasis teady mode. We will now analyze these p r o c e s s e s  under  conditions of steady 
flow of an incompress ib le  non-Newtonian fluid with a power - la  W theological  equation of state [3]: 

/ l--1 

"r~s = - -  p~ j  -;- k T i,.,,,im~ 
(1) 

The original  equations of the boundary layer  are  

Ou Ou OV k I Ou '"-~ O~-u 
U--ox - " - v  . . . . . . . .  Oy V--ox ~ P .n}_:,~,~ - - 0 y  2 , (2) 

Ou Ov 
- -  + . . . . .  0, (3) 
0x oy 

bcl Ocx 02ci 0c1 - i  u + v- = D (4) 
Ot Ox Oy Oy ~ ' 

where V = bx i with i = 0, 1 for a plate and for the frontal  stagnation point, respect ively .  

It is a s sumed  here  that the p a r a m e t e r s  in the theological  equation of state (1) as well as the physical  
p roper t i es  do not depend on the concentrat ion.  The mass  t ransfer  is considered weak, in the sense that 
the concentrat ion field of the diffusing impuri ty  does not affect  the dynamic flow cha rac te r i s t i c s .  The 
boundary conditions for  the dynamic problem are  here  

u (x, 0) = v (x, o) = 0; u (x, ,,o) --  y .  (5) 

When the concentrat ion gradient  at the body surface var ies  according to a power law, then the initial 
and the boundary conditions for the equation of mass  t r ans fe r  are  

Cl(X,y,  0)----c.; el(x, 0, t ) = 0 ;  cl(x, ~o, q = e  o. (6) 

For  integrat ing the sys tem (4), (6) we will use the so-ca l led  s imi la r i ty  solutions.  The velocity com-  
ponents and the self-adjoint  var iables  a re  [8] 

u = v F '  (q), (7) 
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fo r  a pla te  
n 1 

V = X 1-~-. 01F, - F) 1 In (1 -!- n) k / o g 2 n - l ]  'f'(-n , 

l~ -n  I 1 

~1 = yx  i+,; := yx  i-'~,~ M X+n 
n (1 + n) k 

(s) 

(9) 

and for  the f ron ta l  s tagnat ion  point  
1 

n ~ !  - - - -  

v =  1 + n  k(1 + n )  F - - 2 n  ~IF' , 

1 
l - - n  I - - .  ! 

.1 ~ yx l+'-"-~ [ 2pb~-n ] f+n " k-d  = yx  '+" M '+" . (9,) 

We change f r o m  phys ica l  c oo rd i na t e s  x, y,  t to c o o r d i n a t e s  x, g~, t. Then 

T + u ' O x  = u  O--V O~F ' 

q ( x ,  Rr, 0 ) =  Co; c t ( x ,  0, t) = 0; c t ( x ,  c~ ,  t ) =  Co, (11) 

where  u = aO/0y ;  v = - 3 O / D x ,  and the flow funct ion ~ is def ined by the r e l a t i o n  
, ! 

~F = x ~+n VM ~+n F 01) for a plate, (12) 

n - - I  

= X n+l VM l+n F 01) for the frontal stagnation point. (12') 

High va lues  of the P ra nd t l  number ,  c h a r a c t e r i s t i c  of d i f fus ion p r o c e s s e s  in l iquids ,  al low us  to use  a l i nea r  
app rox ima t ion  fo r  the ve loc i ty  at  a walh  

. = [ o ( . / v )  ] 
V [ Oq in=0 n = an, (13) 

where,  the va lues  of a = [0 (u/V)/0~l~=0 fo r  v a r i o u s  n have been  taken f r o m  the m o n o g r a p h  [8]. The  quant i -  
t ies  u, x, and q, f o r  a p la te  a r e  r e l a t e d  as  fol lows [9]: 

1 1 

~1 = [ 2a- ix  1+.  V--IM l+n 1i,]1/2 , (14) 

I 1 

u = [2ax ~+" V M  1+. ~ l , n  (15) 

Ana logous ly ,  fo r  the f ron ta l  s tagna t ion  point  we can obtain 

1- -n  1 

~1 = [2 a - ix  l+. g - t  M l+n ~11/=, (14') 

l - -n  

�9 .u := [2ax ~+n VM 1+. T11/2. (15') 

With the aid of (15), (15'), and the d i m e n s i o n l e s s  quant i t ies  
V l / 2  

c = - -  c ~  cl ; "~-= B4/at Vt Pr.71/aA 2/a; (o=  l/a , (16) 
c o - 2 7 D  x " x e ( ' 4 . 4 ]  

\ , ,  ,s l 
where  

2 2 
Vx { V22noxn~ l-{.-n 1+. (17) 

Pr.~ = P% R.~ 
' D 

is  the u n i v e r s a l  P r a n d t l  d i f fus ion num be r ,  

A { a ( 2 n q - 1 ) / ( n  e 1) } 2 n +  1 4 + 2 n  
= , ; E ; H =  (18) 

[ n ( n +  1)l '+" 18 6(n + 1) 3(n q- 1) 

f o r  a p la te  
1 

A 9(n- i -  1) ; E =  .; H =  (18') . 3(1 ,+n)  3(1 + n )  
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f o r  the f ron ta l  s tagnat ion  point ,  and 

we t r a n s f o r m  (10) and (11) into 

I 

B =~ [2abM l+n ]b'= .D, (19) 

We will so lve  s y s t e m  
i ts  high a c c u r a c y  was  an i m p o r t a n t  cons ide ra t i on .  

ac 3H ac Oc O2c (20) 
c , } T -  - -  3(o g - -  = - - ,  

0r E & &o O0~ ~ 

c(o), 0 ) - - O ;  c(O, ~ ) =  1; c(oo, T ) = 0 .  (21) 

(20)-(21) by the method  f i r s t  shown in [4] and developed f u r t h e r  in [5, 7], where  

A Lap lace  t r a n s f o r m a t i o n  

c(~o, s) = .! exp (--  s~c) C (~0, T) d'c (22) 
0 

changes  s y s t e m  (20)-(21) into 

c~'-: - 3w"-~ -- 3H O (sT) E m ~ -  + so, (23) 

c ( 0 ) -  1 - -  ~ - - ;  c ( ~ )  = 0 .  (24 )  

We will  seek  the so lu t ion  which sa t i s f i e s  s y s t e m  (23)-(24) in the f o r m  

c = -U exp [ 2 -) 4E- r176 - -  (s + ;~)~,2 co g,,~ (@ (s + )~) ...... '2 (25) 
t ~ 0  

where  ~ e s  > 0 a n d X  is s t i l l  an unknown pos i t ive  funct ion o f w .  We let  g 0 -  1 a n d g l ( 0 )  =g2(0) = . . . =  0. 
Then  c(0) = 1 / s  and, as  will  be shown la te r ,  ~(oo) = 0. The unknown function X will  be sought  f r o m  the 
solut ion to the s t e a d y - s t a t e  p r o b l e m .  An in t roduc t ion  of this funct ion r e n d e r s  the s e r i e s  (25) appl icable  at  
any ins tan t  of t ime.  

I n se r t i ng  (25) into (23) and equat ing the coef f ic ien t s  in the t e r m s  of like p o w e r s  in (s + X), we find for  

s 3/~ 
g'~" ='~ 2 4E o Y ' - g ~ , ; , - -  

]__ 9 ~ a 9H ~ 3H 
. . . . .  0 )  4 - - -  031/~ 

' / 8 32E ~ 4E 

, ! 3 H  ~a;,j _. l_L_ ;,., ( m  _ .  3 )  _ _  _ _  

[ 8 E  2 

1 
2 og,/g;,,_~- 

m -  3 

2 ~"g~,,-a 

3(0 (0 )~ '  

2 2 

k 
~ m  - 1 

2 

, 3H } 
e~L" - -  - - -  m2)~ gin-2 

4 4E 

- r - { +  os (;'/)2 ---SE-3H co.22 J ( m -  3 ) -  -~1 ( m -  3)2J' 

- -  3~H o~2, (tn - -  3)} g,,_:, i - l -o~(2d)- '  (2m---7)g,,_~ 
4E 

1 
( in - -  3) (m - -  5) ( 2 . . ' ) 2 g , , _ ~ ,  

8 

g - l g - 2  : g - a  : : g - ~ : - 0 "  

The e x p r e s s i o n  fo r  the concen t r a t i on  field of the b o u n d a r y  l a y e r  is found f r o m  (25) by an inve r se  

m > _ l  

c (co, ~r) == exp '2 ~ (~ - -  Z1%~ g,, (co) Z -'''/2 G .... 

(26) 

(27) 

Lap lace  t r a n s f o r m a t i o n :  

where  G O = fl + f2 and G 1 = f t - f2 ;  

== 2 exp (/, "m) 
1 m ." 2 0 

0 

Zm 2--i exp (--  z) i"-2 erfc ( @  s dz, (28) 
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e v e r y  G m is e x p r e s s e d  in t e r m s  of fou r  funct ions  

f , =  21 erfc [ 2 [ ~ ~  ()~T)'/2 _]" 

, [+  ] f2 := ~ -  !exp (2X ''~ o))l erfc o)~ -1/~" + (~.x) '/2 ; 

f3= [exp (~": o) - -  Zx)] eric ( 21---- o~x-'/2 ) ; 

f, _.(2n)_,/,_,(~:1:),/2 e •  1 ~.c_,/~ (k.t.)t/~]2}- 
2 

and gm is found by in tegra t ing  the r e c u r r e n c e  r e l a t i on  (26)beginning  with m = 1. 

Func t ion  G m has  the fol lowing p r o p e r t i e s  [5, 7]: 

1. F o r  0 < v < .0 and 0 < w < oo it  s a t i s f i e s  the inequal i ty  

0 < G i n < l ;  

(29) 

(3o) 

2. l i m G  m = 1. 

At r ~ ~o e x p r e s s i o n  (27) r e d u c e s  to 

{ 0) 3 H (03 ~1/2(0} E gm(to)~-ml2 ' 
c w(~o):=exp - -  2 + 4E- ,,=0 

which y ie lds  the s t e a d y - s t a t e  concen t r a t i on  f ie ld  of the boundary  l a y e r .  We a r e  f u r t h e r  i n t e r e s t e d  in the 

loca l  d i f fusion c u r r e n t  f lowing to a wall .  

Di f fe ren t i a t ing  (27) with r e s p e c t  to w and then le t t ing w = 0, we obtain 

where  X is k(0) ,  and 

F~ (m12) 
P (m/2) 

3 H  3 ~2 
g0(0) = 0 ;  g i ( 0 ) = y ;  g~(0) 8E 4 ; g ~ ( 0 ) = ~ ;  

g~(0)=  3H t , _  3 ~; g~(0) 117H2 225H 9 ~3 . 
8E 4 64E 2 64E 32 + 1---6- ' 

(31) 

(32) 

3H ~ 2 _  3 ~2; 
g~(0) = 8E -~-  

585H ~ )~ 1125H )~ 45. ~ 5 
g;(O) = 128E------- ~ 128-----E --6-4L-7 l - ~ -  k'; 

8910H 3 17415H 2 810H 1215 3H 
g~(0) = 256E 3 256E 2 6 4 ~  + 64 + 8E 

a r e  obta ined by  s u c c e s s i v e  d i f f e ren t i a t ions  of (26). At T --* ~o (32) r e d u c e s  to 

c~, (0) = ),/2 (0) - E 
(0) 

- _ _  

tn=0 

F o r  finding h (0), one m u s t  know the solut ion to the s t e a d y - s t a t e  p r o b l e m .  

Equating (34) and (36), we find X (0) fo r  the r e s p e c t i v e  va lues  of p a r a m e t e r  n. 
a r e  l i s t ed  in Tab le  1. 

(33) 

. 2  ~3 - -  "~ ~3 . �9 �9 
4 

It is  given in [8, 9]: 

(34) 

(35) 

(36) 

The  r e s u l t s  of ca lcu la t ions  
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TABLE 1. Values of )tl/2(0) for  Var ious  Values of P a r a m e t e r  n 

t~ 

s (0) 1,5 1,2 I 1 0,8 0,6 0,4 

Plate 
Stagnation 

point 

3,02 

2,439 

3,053 i 3,081 

2,389 2,345 

3,117 

2.290 

3,163 

2,215 

3,227 

2,095 

It mus t  be noted that the s e r i e s  on the r igh t -hand  side of (34) is s emid ive rgen t  and i ts  sum is found 
with the aid of an Eu le r  t r an s fo rm a t i on  [10], inasmuch as such a t r an s fo rma t ion  i m p r o v e s  i ts  convergence .  

Exact ly  in a s i m i l a r  way, equating (31) and (35), one can find X (w) for  the r e s p e c t i v e  values  of 
p a r a m e t e r  n. The s e r i e s  on the r igh t -hand  side of (31) can be e i the r  convergent  or  semid ive rgen t .  In the 
l a t t e r  case ,  for  finding its sum,  it is a l so  n e c e s s a r y  to apply the Eu le r  t r ans fo rma t ion .  

The behav ior  of the s e r i e s  in (32) is noteworthy.  The p r o c e d u r e  used for de te rmin ing  X (0) impl ies  
c l ea r ly  that the s e r i e s  in (34) tends toward a l imi t  and that the ra t io  FXr ( m / 2 ) / F ( m / 2 )  is a lways  pos i t ive  
but s m a l l e r  than unity at  any finite t ime r .  Consequently,  eve ry  t e r m  of the s e r i e s  in (32) is s m a l l e r  than 
the co r respond ing  t e r m  of the s e r i e s  in (34). Thus,  the s e r i e s  in (32) mus t  a l so  have a l imit .  This  s e r i e s  
can be e i ther  convergen t  o r  s emid ive rgen t .  The s a m e  appl ies  a l so  to the s e r i e s  in (27), if one cons ide r s  
the p r o p e r t i e s  of function G m.  

Obviously,  in (35) l i m c  w = 0 and, s ince R e s  > 0, it follows f r o m  (25) and (31) that l imc(co)  = 0, as 

has  been indicated e a r l i e r .  With the n u m e r i c a l  value of X (0) known, one can calcula te  the local  diffusion 
c u r r e n t  for  the r e spec t i ve  values  of, accord ing  to the re la t ion  

i 

Nu.,: = - - x  = x .~ 
., g=O 

" [exp (--  ~T) , ~1,2 err (,~)t/2__ ' , (37) 
[ (aT)'~ m=O r(m/2) j 

where  P r  x is the un ive r sa l  Prandt l  diffusion number  defined by re la t ion  (17), R x = V 2 - a x n / ( k / p )  is the uni-  
v e r s a l  Reynolds number ,  and A is defined by e x p r e s s i o n s  (18)-(18').  F r o m  e x p r e s s i o n s  (16), (17), and 
(37) follows that  within the f rontal  s tagnat ion zone at  n ~' 1, unlike in the case  of a Newtonian fluid [6, 11], 
the diffusion c u r r e n t  is a function of the x coordinate .  With exp ( -Xr) ,  e r f  0tr)  1/2, and rM-(m/2)  r e p r e -  
sented by s e r i e s  in smal l  and l a rge  Xr, fo rmula  (37) r educes  to 

1 

(n@/2 8E 4 ~t,,:~ 64E2 

225H 9 ) 5/2 1 (8910H 3 17415H 2 810H + ~, (38) . . . .  1215 / 
64E 32 24 256E a 256E ~ 64E 32 ] 

for  smal l  / t r  or 

' { 2 ,)/2 N u ~ = R ' + ~  Pr~/aA va X 1 / ' -  g~(0) ) exp(--~z)  

m ~ 0  

X ( 1 - -  3 _ ~ f f  . . . .  l - i - e x p ( - - s  ~ :  
(0) (z,y,: > ,  

/, . ~  )j~/2 I" (m/2) \ 2,~'r ,~=o 

[ ( 2  ) 1  ( _ ~ _ ) ( r n  ) 1 , | I "< l q -  - - i  --~-x q- - - 1  - - 2  ~ 4 -  . . o  (39) 
2 (~T)~ j 

for  l a rge  Xr.  As was to be expected,  X does not appea r  in (38). Init ial ly,  at t << xPrlx/3/VX (0)A 2/3, the 
m a s s  t r a n s f e r  p r o c e s s  evolves  in accordance  with the laws of m o l e c u l a r  diffusion and is de t e rmined  by the 
f i r s t  t e r m  of fo rmula  (38), which t r a n s f o r m s  into 

' ' x , /2  _,/G ~ x , / 2  Nu~ R I+. ~_l/a Ava 1 Rxt+. prt/a Ava Pr~ -- R 1+. Drl/e _ _  x (40) 
= X l a l x  ( a T ) l / 2  X (at)l/2 V1/2 Alia - -  . . .  (at)i/2 VI/2 - -  (ntD)V 2 

Consequently,  during the ini t ial  pe r iod  of t ime Nu x obviously does not depend on the rheologica l  p r o p e r t i e s  
of the medium.  During the l a t t e r  pe r iod  of t ime,  at  t >> xPrlx/a/VX (0)A 2/a, the s t e a d y - s t a t e  mode of m a s s  
t r a n s f e r  s t ab i l i zes  with 
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NU.t. " ~  - 

7 ~ ' ~  

tO 2 

q . l O  t , , i l l  

240" t tO o 

, ~ _ _ -  
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to t Yt 
;r 

Fig .  1 

/ 

Y 

gg go go LZ to n 

Fig .  2 

F ig .  1. T r a n s i e n t  convec t ive  m a s s  t r a n s f e r  a t  (I) a p la te  and (II) in the 
f ron ta l  s tagna t ion  zone:  V = 0.02 m / s e c ,  x = 0.02 m,  D = 0 . 6 2 5 . 1 0  -8 
m 2 / s e c ,  k = 1 . 1 6 . 1 0  -3 k g .  s e c n - 2 / m ,  p = 1 .015 .103  k g / m  3. D a s h e d l i n e s  
r e p r e s e n t  the s t eady  s ta te .  

F ig .  2. T i m e  of comple t e  s t ab i l i za t ion  at (I) a p la te  and (II) in the f ron ta l  
zone:  V = 0 . 0 2 m / s e c ,  x = 0 . 0 2 m ,  D = 0 . 6 2 5 . 1 0 - 9 m 2 / s e c ,  k = 1 . 1 6 . 1 0  -3 
k g / s e c n - 2 / m ,  p = 1 .015 .103  k g / m  3. 

# 

Z 

~o2 2; 

t 2 ~ 6 a t o  2 ~ ~ e ~  

Fig .  3. T r a n s i e n t  convec t ive  m a s s  t r a n s -  
f e r  a t  a p la te  ( n = l ,  P r = 2 . 1 0 3 ,  V 
= 0.0308 m / s e e ) :  1) x = 0.0105 m and R x 
= 2 2 8 ;  2) x = 0 . 0 0 2 5 m a n d  R x -- 54.3; 3) 
x = 0 . 0 0 6 5 m a n d  RxL = 1 4 . 1 .  

! 

The c h a r a c t e r i s t i c  s t ab i l i za t ion  t ime is d e t e r m i n e d  a c c o r d -  
ing to the f o r m u l a  

n 1 / 3  

T x r'rx 
V L  (0) A 2'3 (42) 

Ca lcu la t ions  have shown that,  with the o the r  condi t ions  un-  
changed,  the s t ab i l i za t ion  t ime is l onge r  f o r  a p la te  than 
fo r  the s t agna t ion  point .  Thus ,  at  

n = 0 . 4 ;  V=0 .02m/sec ;  x = 0 , 0 2  m; D = 0 . 6 2 5 . 1 0  -9 m2/sec, 

k = 1.16.10 -3 kg" seen-Z/m; P = 1.015. l0 s kg/m s (43) 

the c h a r a c t e r i s t i c  t ime was  T = 5.869 see  fo r  the p la te  and 
T = 2.363 see  fo r  the f ron ta l  s tagnat ion  point .  F u r t h e r -  

m o r e ,  with o the r  condi t ions  unchanged ,  the c h a r a c t e r i s t i c  t ime  d e c r e a s e s  as  the fluid b e c o m e s  m o r e  
p seudop l a s t i e .  

F o r  a p la te  with the p a r a m e t e r  va lues  as  spec i f i ed  in (43), the c h a r a c t e r i s t i c  t ime a c c o r d i n g  to (42) 
with n = 0.8 was  T = 11.36 see  and with n = 0.4 i t  was  T = 5.869 sec .  

As  the fluid b e c o m e s  m o r e  di la tant ,  the c h a r a c t e r i s t i c  t ime  of s tab i l i za t ion  i n c r e a s e s .  Th i s  p e c u -  
l i a r i t y  has  been  noted e a r l i e r  in a s tudy of m a s s  t r a n s f e r  at  the s u r f a c e  of  a ro ta t ing  d isk  [12]. 

Resu l t s  of ca l cu la t ions  a c c o r d i n g  to (37) a r e  shown in F ig .  1 in l o g a r i t h m i c  coo rd ina t e s ,  fo r  a p la te  
and fo r  the f ron ta l  s tagna t ion  point ,  a t  va r i ous  va lues  of  the non-Newton ian  p a r a m e t e r  n. 

We will  r e g a r d  the s t ab i l i za t ion  to be  comple te  a t  the t ime when the p r o c e s s  has  r e a c h e d  i ts  s teady  
s ta te  within 5%. 

In F ig .  2 is shown the t ime of comple t e  s t ab i l i za t ion  as  a funct ion o f  the p a r a m e t e r  n, fo r  a p la te  
and fo r  the f ron ta l  s t agna t ion  point .  

It is  qui te  ev ident  that  the p r o c e s s  b e c o m e s  s t eady  f i r s t  a t  the f ron ta l  s t agna t ion  point  and then at 
the p la te .  

The  r a t i o  of the loca l  t r a n s i e n t  c u r r e n t  to the c o r r e s p o n d i n g  s t e a d y - s t a t e  c u r r e n t  is  

ix Nux 1 I"(1/3){ e x p ( - - ~ )  Ll/2  ~-~ g~(O) rxx(m/2) } 
]xw Nuxw 3 (zx)l/2 + err ( L x )  u2 ~ . (44) 

m = O  
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TABLE 2. Compar i son  between the Loca l  T r a n -  
s ient  Cu r r en t  Calcula ted  for  a Pla te  with n = 1 
and the Resu l t s  in [5, 2] 

NUx/NUx, W 
Vt 

formula (44) 

0,5 3,52 
l 2,45 
2 1,76 
3 1,45 
5 1,17 
7 1,10 
9 1,05 

[5] [2] 

3,52 3,52 
2,45 2,45 
1,75 1.75 
1,39 1,43 
1,14 1,15 
1,06 1,06 
1,025 1,0 

The r e s u l t s  of ca lcula t ions  accord ing  to (44) for  
a plate  a r e  shown in Table  2, with n = 1 and P r  = 10, 
together  with the data f r o m  [2, 5]. The cu rves  o v e r -  
lap a t  low values  of the d imens ion l e s s  t ime  p a r a m -  
e t e r ,  but  they s epa ra t e  by 1 to 6 or  7% at  suff icient ly 
high values  of this p a r a m e t e r .  At a high Prandt l  
numbe r  one would expect  l e s s  d i sc repancy ,  inasmuch  
as the ana lys i s  in [2, 5] of the t r ans ien t  heat  t r a n s f e r  
was ba sed  on the total  t rue veloci ty  prof i le ;  in our 
ana lys i s ,  on the o ther  hand, the veloci ty  prof i le  of 
the diffusion boundary  l aye r  was approx ima ted  by a 
l inea r  one, such an approx imat ion  being p e r m i s s i b l e  
at  a high Prandt l  number .  

The theore t i ca l  data for  a pla te ,  based  on (44) with n = 1 and P r  = 2 �9 103, a r e  c o m p a r e d  in Fig.  3 
with expe r imen ta l  data accord ing  to [11]. An init ial  s tepwise  change of the concent ra t ion  gradient  at the 
wall  and boundary  conditions accord ing  to (6) were  ensured  dur ing the tes t  by e l e c t r o c h e m i c a l  means .  

el 
Co 
x and y 
t 

u and v 
V 
D 
n 

k 

T, w, a n d e  
M 
A 
B 

P r  x 
.R x 

Tij 

l r m ,  lmr,  and /ij 

NOTATION 

is the concentra t ion;  
is the concentra t ion  in the s t r e a m ;  
a r e  the space  coord ina tes ;  
is the t ime;  
is the flow function; 
a r e  the veloci ty  components  along axes  x and y, r e spec t ive ly ;  
is the veloci ty  at  the outer  edge of the boundary  l aye r ;  
is the diffusivi ty;  
is the exponent c h a r a c t e r i z i n g  the non-Newtonian behav io r  of a fluid; 
is the cons i s tency  index; 
is the se l f -ad jo in t  va r i ab le ;  
a r e  d imens ion less  va r i ab l e s ;  t ime,  d is tance ,  and concentra t ion ,  r e spec t ive ly ;  
is a quantity defined by Eqs.  (9), (9'); 
is a quantity defined by Eqs.  (18), (18'); 
is a quantity defined by Eq. (19); 
is the un ive r sa l  Prandt l  diffusion number ;  
is the un ive r sa l  Reynolds  number ;  
a r e  components  of the s t r e s s  t ensor ;  

a r e  components  of the s t r a in  tensor ;  
is the Kronecke r  delta�9 
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